1. Appl. Maths Mechs, Vol. 60, No. 6, pp. 987-998, 1996
© 1997 Elsevier Science Ltd
@ Pergamon All rights reserved. Printed in Great Britain

PH: S0021-8928(96)00121-9 0021-8928/96 $24.00+0.00
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The classical problem of the free stéady mixing layer which is formed as the result of the interaction between two parallel
homogeneous flows which move with different velocities and come into contact in a certain section is considered. Subject to the
additional condition that the first derivative of the solution in a class of self-similar functions is positive, a boundary-value problem
is studied, for values of the self-similarity index m > 0, which describes the mixing of two viscous streams of the same fluid for
m = 1{1] and for m = 2 [2]. The method of investigation used [3-5] enables the third-order non-lincar equation to be reduced
to a first-order equation and enables the corresponding solutions ®({) to be constructed in a parametric form as a function of
the values of m. A knowledge of the behaviour of the velocity profile of the main stream can be used to investigate the flow
stability. The results obtained form the basis of the subsequent construction of the solution of Lock’s problem [6] and the
investigation of the uniqueness of the solutions obtained. © 1997 Elsevier Science Ltd. All rights reserved.

It is well known [1, 7-9] that the flow in a mixing layer is described by the boundary-layer equation for
the stream function with a zero pressure gradient. The latter equation has a class of self-similar solutions.
The self-similar function ®(C) ({ is the self-similar variable) satisfies a well-known non-linear differential
equation, the coefficients of which contain the self-similarity index m [3-5].

A solution of the boundary-value problem which describes the flow in the mixing layer is sought in
the class of self-similar functions when m = 1 [1,3-5]. The problem for m = 1 was subsequently extended
[6] to the case of the mixing of two plane-parallel streams of fluid with different densities and coefficients
of viscosity. Experiments [8] show that the mixing layer at the interface between two different media
often turns out to be more stable than a free mixing layer in a homogeneous fluid.

Non-classical problems for mixing layers with values of m e (1, 2] have also arisen [2, 10-12] in relation
to the development of the theory of free interaction. The flow in the neighbourhood of the trailing edge
of a plate when two viscous streams of the same fluid leave the edge at different velocities was investigated
in [2]. The flow in the asymmetric Goldstein wake which arises is described by a boundary-value problem
which must be satisfied by a self-similar function ®({) form = 2.

In all of the above-mentioned papers the investigations were carried out by numerical and asymptotic
methods. The question regarding the existence and uniqueness of a solution was left open.

1. The flow of an incompressible fluid in mixing layers is described in the first approximation by a
boundary-layer equation with a zero pressure gradient in the stream function ‘¥

v’y vy _dy (1.1)
dy dyox ox dy> oy’

Equation (1.1) has solutions in the class of self-similar functions [7-9]
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A third-order non-linear differential equation
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is obtained for determining ®({).
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The boundary conditions for Eq. (1.2) are formulated as follows [3-5]:

d=H{"+..., {5+, >0, m>0 (1.3)
®=0, {=0 (1.4)
D =b,(-)"+..., L > oo, b, <0 (15)

A boundary-value problem of the type of (1.2), (1.3)~(1.5) has been investigated in [1, 2] form = 1
and m = 2. In the physical problems which it describes, the x axis of an orthogonal system of coordinates
(x, y) coincides with the zero streamline. The boundary-value problem (1.2), (1.3)—(1.5) is also of
mathematical interest in its own right. Equation (1.2) is invariant under a displacement transformation.
Its order is therefore reduced if we

,=@(d¢_fzf_ ﬂzf[(zf_) +fdf} t=o)

da\ag T ag \df) T
A boundary-value problem
i’f (Y edf _mot
fg-g"-[;g) +§d§* m f*'o (1'6)
1 m-1 1 m-1

FembmE ™ ..., E—>too; f=m(=by)"(-E) ™ +.., > —oo

is obtained for determining f(E).
Equation (1.6), in turn, is invariant under the stretching transformation f — a’f, & — o, o= 0. This
means the order of Eq. (1.6) is reduced by making the substitution

f=E*F(), LdF I dE =¥ (L7)
As a result, Eq. (1.2) reduces to the first-order equation [3-5]

g2 2 m+l
M ¥Y°+TF¥Y+6F +‘l‘+——m F___P(F,‘P) 18)

dF Y FY

The derivatives of the functions f{(§) and ®({) are connected with F and ¥ by the relations

o .. d'o® o

— =E'F, = =E’F(¥+2F), ——=_§“p(\y+m_+_1p)
d 3
5 dt g m 19)
2 m+1
G _gpaap, 2L TPV R
& " dE? F F

The equations P = 0 and R = 0 determine the curves P, and R, which pass through the point B and
the curves P, and R, which pass through the point 4 (Fig. 1).

As a result of the subsequent group transformations, the problem of investigating the integral curves
(ICs) of Eq. (1.2) was reduced to a problem involving the study of the pattern of the ICs of the first-
order equation (1.8). In order to construct this pattern, it is necessary to know the nature of the singular
points of Eq. (1.8) and to find the requirements which the ICs must satisfy in order that the boundary
conditions are satisfied.

Equation (1.8) has three singular points A(0, 0), B(0, -1), C(—(m + 1)/6m, 0) in the finite part of the
plane and three singular points at infinity. These are conveniently denoted by E - E,; G -G+, Q - Q.
since each of these singular points on the equator of a Poincaré unit hemisphere is split into two identical
ones which lie symmetrically about the centre. Those which the curves enter or from which the curves
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Fig. 1.

leave are denoted by E, G, Q when ¥ < 0 and by E,, G,, Q, when ‘¥ > 0. The hemisphere is then
projected onto the unit circle (Fig. 1) on which the singular points E -E,; G~G,, 0~ Q,and O - Q-
have the coordinates (£1/(5) F 21(5)), (£2~(3),¥3/(13)) and (0, F1), respectively. The integral
curves of Eq. (1.8) can only traverse the F = 0 axis by way of the singular points A, B and Q ~ Q,.

We shall now study the behaviour of the ICs of Eq. (1.8) in the neighbourhood of the singular points.

The singular point A(0, 0). The singular point A4 is characterized by the fact that one of the characteristic
numbers of Eq. (1.8) is equal to zero while the other is non-zero. We denote the domains in which d'V/dF
<0byQ={F>0,P(F,¥)<0},Q, ={F <0,¥ >0, P(F, ¥) < 0}. The IC which hit the point 4
either belong to Q or to Q* in a certain neighbourhood of this point {13-16}. If (F, ¥) € Q, then a
single IC, which we denote by ¥*%, hits 4. If an IC in domain Q enters a certain neighbourhood of point
A, then it necessarily hits the point 4 when F — + 0. We now consider the arc KL of radius p (0 < p
< 1), the point K of which lies on the negative part of the ¥ axis while L lies on the curve P,. The
curvilinear sector ALK, the boundary of which is the segment AK, the arc KL and a part of the curve
Py-AL contain a single critical direction [17, 18].

Using the technique developed in [15-18}, it can be shown that all the ICs which enter the sector
ALK hit the point A when F — + 0, touching the line ¥ = — [(m + 1)/m]F. We make the substitution
¥ = [~ (m + 1)/m + o]F. For the function ©(F), we obtain the equation

-
F* ﬂ:[m+ (m = l)(2m_2) Fidmo4 Fm+2w2F] (M—a)) (1.10)
daF m m m

It follows from the above that ®(F) — 0 when F — + 0. In the neighbourhood of the point (0, 0),
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Eq. (1.10) is Bendixon’s equation [13, 16]. Hence a neighbourhood of the point (0, 0) exists, through
which all the ICs of Eq. (18) from the sector ALK pass and reach (0, 0) on coming into contact with
the line ® = —[(m — 1)(m — 2)/m*)F. This means that any IC which is contained in the sector ALK, has
the form o = [(m - 1)(m - 2)/m°|F + o,(F) F when F — + 0. The function ®;(F) — 0, when F — +
0, again satisfies Bendixon’s equation in a certain neighbourhood of the point (0, 0).

Consequently, for any IC which hits the point 4 at F — + 0 for a certain §; > 0 (depending on the
IC), the representation

y--2rlp (no 2222 B2y (F), @y(F)=O(F) (111)
F e [0, 8]

holds.

We now distinguish one of the integral curves ¥ = p(F) and investigate how the remaining integral
curves of Eq. (1.8) differ from it when F — + 0. We will seck a solution of Eq. (1.8) in the form ¥ =
i + v. Substitution into Eq. (1.8) gives

dv dp. 2
Epn=—=-1+7 Xy wi-Fv= 1.12
udF (l+ F+2u+FdF)v v:-Fv (1.12)

The solution of the truncated equation (1.12), obtained by neglecting the non-linear terms, has the
form

v = Cug = Cay(F)F exp[—:n%l'”"], @*(F)=1+O(F) (L13)

2 —_—
I= 3_m_+4_m__5_’ C=const, Fe(0,5,]
m(m+1)
All the functions of the form Fivy(F) (the magnitude of g is arbitrary) which are encountered below
are supplemented by zero with respect to their continuity at zero. We put v = C (F)v, and, for deter-
mining C(F), we obtain the integral equation

C(F)= A(C;D)

o ad(Fv) C

F
A(C;Dy=~[ F 2
R 1+p v, C

dF + D, D=const (1.14)

We now consider a space of continuous functions in the segment [0, 8] with a metricfj @ || = sup | ¢ |,
F € [0, 9] and denote the bounded and closed set of functions which satisfy the conditions

leCF)- D<M, ¢eCl0,8], M=const

by L.
We shall show that the operator 4 (¢); D) contracts L. We choose & > 0 such that relations (1.11),
(1.13) and

1 o1 d(Fug)

2 2
F—u dFs Mql (]_qZ) 2
dF

3
1

, O0<gy <—

(J) (DI+ M)’ @ =3

Ip-‘p0(|u|+ M)<gq <1

are simultaneously satisfied.
We then have

¢ € L A(9; D) e C[0,8], |A(9,D)- D<M
01,9, € L =A@, D) - A(9,; D) < 6o, - 9, 8% <1
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It follows from this that Eq. (1.14) has a unique solution C*(F) € L, F € [0, 3]. Consequently, any
solution of Eq. (1.8) in the domain Q when F — + 0 can be represented in the form

L ad(w,) C7
e rs Tin . dF = (F)+ Dv, +o,) (1.15)

F
=WF)+Dv,~v,f v
0

It will become clear from what follows that it is best to take the IC Wg, which will be determined
below, to serve as ¥ = p(F).

The asymptotic behaviour of the solutions of Eq. (1.8) at { — + o, which correspond to (1 5), will
be as follows [3-5]:

m (m=1)(m-2) -

b=p I I S A (m+2)

G+l m+1 0[(C+IA) ]+ (1.16)
. b; m 3m® +5m-4

+Dz(§,+lA)B‘ exp[—;l—:_—l(CHA) ”], B, _____m_m:%__; D,,l, = const

The singular point B. The singular point B is a saddle point. For any m > 0, a single integral curve
passes through it which, at F — 0, is described by the expansion [3-5]

o k 6m 1 1 2
- =T b=y 5,
¥ 1+k§l b F*, b, b, 3[21;. +7b, +6] a1
1 (k+2
by =—k+l[—2 E‘z by _1bg_nsy +7b_ 1]: k=3

We will denote the part of it when F > 0 by '¥; and the part of it when F < 0 by V1. The solutions
of Eq. (1.6) which correspond to expansion (1.17) can be represented in the form

=—c(§—c)—;";(§—c)2 +O[(E-c)'), E—c=0 (1.18)

Solutions which are described by expansion (1.18) when f > 0 correspond to the curve ¥, and, when
f < 0, to the curve '¥$. The solutions of Eq. (1.2) which correspond to ¥; and ¥1 at F — 0 behave in
the following manner at c{ — +o

b=c —sign(cf)exp[—c(C + l,,)]+..., I, = const (1.19)

Henceforth, { with a subscript denotes a certain finite value of {, and C with a subscript denotes a
constant.

The singular point E - E,. In order to investigate a singular point at infinity, we make the change of
variables

zp_ﬂ:l_—_l', y=9—"
m t
in Eq. (1.8).
As a result, we obtain the equation
ds _o© 2 5m-3
t(l-o 1+—-— ———20 —-——01 - .
1-o)1+ === - (120)

_(2m—l)2(m—l)t2_m—lt02
m m

Its solution, when 0 < ¢ < r (Cg), can be represented in the form of a convergent series (7 is the radius
of convergence) [3-5, 19]
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=S 45 —cBrr .
o= dit? =Cgt’? ] (t;C)+ 1, (1;C
k2=:l k gt J1(5C) + 1, (4,Cg) (1.21)
J1(t,Cg) =1 (t;-Cg), J,(t;:Cg)=J,(t;-Cg), 0=<t<r(Cg)

The solution when t — 0 is constructed in a similar manner. It follows from what has been said that
the point E ~ E, is a node. According to (1.21), the solution of Eq. (1.8) in the neighbourhood of the
point E behave in the following manner at F — + oo

\P——2F+——+CE1,2F-—"1—1+ F = +oo (1.22)
m m

We will now investigate how F depends on & in the neighbourhood of the point E. A new function
7 is introduced by putting ¢ = 1. To determine 7 — ©(E) we obtain an equation from (1.7), the general
integral of which will be

®(&,1;a,C;)=af ~ texp[j _26;C;)db

=0, a#0
oG(l—z(O;CE))]

2(1;Cg) = Cptd, (1% Cg) + J, (1%, C) (1.23)
Since z(8; Cg) = z (-0; —Ckg), we have
O(&,-1;-a,-Cg) =-D(,1;0,Cg)

We will denote the ICs which, when F — + o, are described by expansions (1.22) with Cg = o > 0
by ¥ = ¥(F; o) and with Cg = B < 0 by ¥ = ¥(F; B). The functions z (t; Cg) corresponding to them
are denoted by z (1; ) and z (t; B).

If we find ourselves on the curve ¥ = W(F; o) and a = a, > 0 then Eq. (1.23) serves for determining
the dependence of T on &, and 1, = Ex(&; a,, @), | £ | < re(ay, &) will be its solution, where k is a holo-
morphic function and x(0; a;, &) = a,.

Suppose we find ourselves on the curve ¥ = W(F; B) and a = a; < 0. We find how t depends on &
as the solution of Eq. (1.23) and we denote this solution by T, = &x(E; ay, B), | € | < rz(ay, B), %(0;ay,
B) = a;.

It follows from the continuity of f(€) and its derivative at the point & that a% = a3 and a, = Pa,. Since
o and P must have different signs, the solution of this system will be § = -, a; = —a,.

On putting = —a, a; = —a, = —ay < 0, we obtain from relation (1.23) that t,(&; —ag, ~0) = —15(&,
ap, (l) | & I < rE(aO, (1)

Using (1.7), we therefore have

L= —[—— g2+ ’2(§:-ao,—a)] = —[——éz (1.24)
%2 (a0, £ = f5, O<IEI< rp(ag, )

Consequently, each doubly continuously differentiable solution f{€) in the neighbourhood of the point
(€ = 0, f(0) # 0) is mapped, in the neighbourhood of point E, onto the two ICs ¥ = ¥(F; -a), ¥ =
¥(F; o), the combination of which we shall also call an IC. Conversely, if the ICs ¥ = W(F; —a) and
¥ = ¥(F; o) are extended, the solutions corresponding to them in the neighbourhood of the points (§
= 0,f(0) # 0) in the class of doubly continuously differentiable functions will be described by expansions
(1.24). The solutions of Eq. (1.2) corresponding to them in the ({, ®) plane have the form

-2 3
O =B (0-0e)+ Ba L + T gt G- Lo+ (1.25)

Conversely, each solution ®({) of Eq. (1.2) in the neighbourhood of the point § = Lz, ®({z) = 0
with d®/d{; > 0 is mapped into the corresponding neighbourhood of point E by the two branches of
the ICsof Eq. (1.8)withCr=a>0andCe =B =-a < 0.
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If B # — o and the first derivative of @’({) is continuous, on passing through point E in the manner
described above, the second derivative ®"({) will have a discontinuity at the point § = {z.

On passing through point E in the manner described above, the solutions of Eq. (1.2) in the
neighbourhood of points of the { axis behave as follows:

a—2 -3 2 m-1 4 3
®=-2 (00 )+ 2 Cp (6-8a) +7 % € -La) (1.26)

We will denote the IC which departs from E when F — + <o and is described by (1.22) with Cg = 0 by
Wg. Each of the solutions of Eq. (1.2) corresponding to it is described by expansion (1.25) with o = 0.

The IC W, is defined in a similar manner. Curves which are described by (1.26) with Cg, = 0
correspond to it in the ({, @) plane.

The singular point Q — Q.. The singular point Q — Q, is a node. In the neighbourhood of this point,
the ICs behave as follows:

y=le
—?—1+..., F—-0, CQ;EO

In the ({, ®) plane, the point Q — Q. corresponds to points of a local extremum in the solutions of Eq.
(1.2). In the neighbourhood of the extremal point { = {, the solution can be represented in the form

CQc3 CQc4

5 (6-%o)' - s (6-%o) +.-

It is clear from this expansion that, on passing through the point Q - Q., the constant C, must be
preserved. Suppose, for example, that an IC hits the point Q with Cp < 0 at F — +0. In order to obtain
the solution @({) in the neighbourhood of the point § = {, it is necessary to leave the point 0, along
the IC with Cp, = Cp at F — -0.

The singular point G — G,. The singular point G - G, is a saddle point. A unique IC

P=c+

Mm=2  O(F), F— o0, m>0

3

¥ 5 F+ -
hits this point at F — +ce.

Integral curves, which are identically not equal to zero and touch the { axis, correspond to it in the
(€, @) plane [11, 12].

The singular point C. When m > m, = (-17 + 12Y6)/23 > 1/2, the singular point C is a focus and,
when 0 < m < m,, it is a node. As the IC ¥ = ¥(F) approaches the singular point C, the ICs corres-
ponding to it in the ({, ®) plane at { — {_ behave as follows:

_ 6m -1 -1
o -Tn:'l'(C-Cc) +o[(§-8c)"]

2. Hence, if an IC ¥ = W(F), at F — + 0, hits point A at & > 0, then condition (1.3) is satisfied. If
it hits point A when € < 0, then condition (1.5) is satisfied. The transfer at the point E — E, from the
ICY = ¥(F, Cg)with Cg = o > 0 to the IC¥ = W(F; — o) means that the ICs of Eq. (1.2) corresponding
to it intersect the £ axis.

If the point E - E, is reached along g or Wg., then ®({) and ®”({) simultaneously vanish. The
passage of the singular point Q — Q, in the manner described above shows that the solutions of Eq.
(1.2) corresponding to the IC ¥ = ¥(F) have a local extremum. As the IC ¥ = ¥(F) approaches the
point C, the ICs of Eq. (1.2) which correspond to it behave as Q[({ - {.) .

It has been proved [3-5] that, when m > 1/2, the curve ¥, hits the point E with a definite value Cg
= B* < 0. We now continue this curve with the curve ¥, with Cr = —-B* = a* > 0. The curve ¥, hits
the point A at F — + 0. It has also been shown that, when m > 1/2 and at F — + 0, ¥ and ¥ also
reach the point 4 (Fig. 1).

We now consider the boundary condition

dd>/d§—->0, C—)—eo (21)
Boundary-value problem (1.2)—(1.4), (2.1) gives the solution of the Chapman problem [20, 21] when

m = 1, and, when m = 5/3, 2, it describes the flow in a mixing layer which occurs in the theory of local
separation [10-12].
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The solution of boundary-value problem (1.2)-(1.4), (2.1) is mapped onto the curve K = ¥y U ¥,
[3, 5]- The curve K will play a cardinal part in the subsequent investigation. We will therefore consider
the solution of problem (1.2)-(1.4), (2.1) in greater detail and find its solution in parametric form,
assuming the behaviour of curve K to be known. In the (€, f) plane, the parametrically defined ICs

2

c ctF
WYoE ==l A, f=—L—exp(2A
i:8 ‘\r#lexpl 5 Frl p(24))

F
A,(F)=j[—1——+ 1 ]dF, 0< F<+w
o | ¥, 2F+1)

¥,:E= %GXP(—Az)v fo =k exp(-24,)

=1 1
A(F)=] | =—+—]|dF, 0<F<+oo
(5 L[Wz ZF]

correspond to the curves ¥, and ;.
We now put ¢; < 0 and ¢, = —; exp[Ai(ee)]. Then the function which is the inverse of the

function

£(8), £€(c,,0)
& 2
¢=] & FE) =1 ckexp[24,(=)), E=0
0 5HE), Ee(0,%)

gives the solution of problem (1.2)—(1.4), (2.1) when m > 1/2. The values of the constants c; and b, are
related to one another

1

o1 L £
¢, = —mm+lpm+l cxp{—Al(oo) +] l:—-l-— +—2 ]dF+ A, (1)} = —k,(m)b"*! 2.2)

0 \Pz (m+1)F

It follows from what has been said that a solution of problem (1.2)-(1.4), (2.1) exists when m > 1/2
and is unique, as is clear from condition (1.5) of problem (1.2)~(1.5) whenm > 1. In order to distinguish
the unique solution when m > 1/2, one can require that @ — ¢ + Ofexp (- c {)],c < Owhen { — —
instead of condition (2.1). However, the constant c is related to the constant b, by relation (2.2) and
cannot be assigned arbitrarily. For each m, the coefficient &, in (2.2) is calculated once and for all. Since
the singular point B is a saddle point, the conditions ® — ¢ < 0 and d®/d{ > 0, { € (—oo, +0) are
sufficient to distinguish the unique solution when m > 1/2 [4, 22]. If ¢ is taken as being equal to ¢y, we
obtain the solution of problem (1.2)—(1.4), (2.1). In order not to introduce a constant into the boundary
conditions which has to be determined when solving the problem, the boundary condition { — —e- can
be formulated as follows: (-{)' **2 ®’({) — 0, { — —oo for any k.

All the curves situated between W and ‘¥, in the neighbourhood of point A4 hit point E at F — +eo,
and the curves continued in the manner described above at F — + 0 return to point A [4, 5]. The curves
situated in the neighbourhood of point A between ¥, and ¥; hit point E at F - +eo, and the continued
curves, when F — + 0, then hit the point Q.

To prove this, an arc TD, linking the curves P; and ¥y, is drawn in a certain small neighbourhood of the point
B. We take the IC ¥ = ¥(F) which leaves point £ and, in a certain neighbourhood of this point, is described by
expansion (1.21) or (1.22) when Cg = B > B*. We now take a certain point (F,, \¥,) on the curve ¥ = P(F, B) in
the neighbourhood of the point £ and draw the straight line F = F,. This line intersects the curves ¥, and P; at
the points N and M. We now consider the domain Q,;, the boundary of which is formed by the arc 7D, a part of
the curve P;-TM, a part of the curve ¥,-DN and a segment of the straight line F = F* — MN. The inclination of
the IC is negative in the domain Q,.

When the IC is continued, it can only intersect the boundary of the domain Q, at the points TD or TM. If the
IC intersects 7D, then, subject to the condition that the radius of the arc TD is small, it leaves the sector BTD
across its side BT [15-17]. Hence, when the IC ¥ = W(F) is continued, it necessarily intersects the curve P; at a
certain point (Fy, ¥). We shall take the curve
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%
\Py=—(CyF‘2—3F2—%m—+lF) » Fe(0.R)
m

The constant C, is chosen such that the curve ‘¥, passes through the point (Fo, Wo). At F — + 0 the curve '¥,
hits the point Q. It can be shown that the inequalities

av.
o<, ¥,)<—L
dF dF
hold at the points of the curve ¥,

It follows from these inequalities that any IC which departs from a point E below the curve '¥; reaches the point
Q at F — +0. When continued through the point Q - Q,, it enters a domain in which F < 0.

The integral curves which depart from point 4 above W; initially intersect the axis F. They then arrive
at point @, when F — + 0 and then, when continued, hit the point C.

3. We now consider problem (1.2)—(1.5) when m > 1/2 [4, 5] and the additional condition d®/d¢ >
0, { & (—o0, +20). We shall denote a curve which departs from point 4 between the curves ¥g and ¥,
by ¥, and a curve between Wi and the ¥ axis by ‘¥ and require that the curves ¥, and ¥y should be
a continuation of one another in the manner described above through the point E. In the (€, f) plane,
the ICs ¥, will correspond to the ICs

§= —(:‘bFCXp["Ab(F)], fb = C: CXP[—ZAb(F)], C’, = const

JF
T 1 1
Ab -—£ (Ty—b-'f'ﬁ]dp, FG(O,“)

These formulae will also describe ICs in the (€, f) plane which correspond to Wy, if we substitute ¥y
and cg (cy = const) into them instead of ¥, and c,.
We put ¢, = —y. It can then be shown that the function

(). §e(~o0,0)
f&=4ct, &E=0
fb(é)’ § € (Ov +°°)
is doubly continuously differentiable and is a solution of Eq. (1.6). Here the constant ¢, > 0. Then, at

€| > o (F > + 0), we have

m+l

PR R I R P SO Y| e
b b 0 qlb (m+l)F 1 \Pb 2F

(3.1)

'"Lﬂ 1

Ll m 11 mo T

=4 - -+ F - [| —+—|dF (&) ™ +...
Tu { H °’“{ | [‘P,, (m+‘1)F]d I+, ZF] ]} o
On comparing the asymptotic forms obtained with boundary conditions (1.6), we obtain
by = —b, exp. —(m+1)]: 1L dF}, ¢, >0 3.2)
oYy Y,

When ¢, < 0, the function

fb(é)' g € (—°°v 0);
f&)=4ct. &=0;
fu(®), Ee(0,+e).
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will also be a solution of Eq. (1.6).
If ¢, < 0, then

i 1
by, = —b, exp] (m+1) ——-——]dF , ¢, <0 3.3
2 IXP[ (J;(\y ¥ ] b (3.3)

H b

Since W' - W, = 0, then, in the case of (3.2), we have (-b,) < b; and, in the case of (3.3), (-b,) = b,.
The function which is inverse to

T &L
=17
is the solution of problem (1.2)1.5).

We now consider the integral

<11 1 T 1 1 T1 1 1
——|dF = [ | —————|dF + | |=—-—|dF =], + 1,
vl s [
The functions I,(f), I.(—B),8 € (B*, 0] are monotonically decreasing and continuous functions. When
B = 0, they are equal to zero. We will now show that the function 7;(B) is unbounded. The straight line
y = -1 is drawn. Suppose that the solution ¥ = ¥ (F) has the asymptotic representation (1.11) in the
interval (0, F5) and that the straight line F = Fj first intersects ¥ and then ¥ = 1.
We denote the points of intersection of the straight line F = F5 with W and the straight line ¥ =

-1by L, and L, respectively, and the domain bounded by the curve ¥y and the segments AB, BL, and
L,L, by Q,. We now consider the differential equation

o ‘P§+7F‘PE+6F2+‘P+”’T+1F
LA = 3.4
- o N(F,¥) (3.4)

in this domain.
Its solution is ¥ = W,(F). The IC of Eq. (3.4) which departs from any point (Fy, -1), Fy € (0, F3) is
situated between ¥z and the IC of Eq. (1.8) since

P(F.¥
_—(fv—)>N(F,ql)’ (F’\P)EQZ

Equation (3.4) is linear. Its general solution is

F1+7F
J

Y =¥; + Dgexp| -
B e

dF ], Dy = const

The IC

F
- ~Ba m Pa -
¥ = -1+ ¥ (R cxp[(m+1)po][F exp(’j;)wz(F)dF)jIexp[ (m+l)F]

passes through the point (Fy, -1).
We now evaluate the integral

<]l 1 1 1 1 1
———MFz | |=—-—WdF+ | |[-]1-—dF +
(I,[\y” ‘*’E] Z)[‘*' "'E:ld Z[ ¥e

+f [J--J—Jdpa m 1nfﬁ-+0(p;;-po)
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Here, ¥y is the IC of Eq. (1.8) which passes through the point (F5, -1). When F —» Fy, the quantity
B — B,. Consequently,

]im. I[=0
B-p

since the function I,(-) (B € (B*, 0]) is bounded. This means that (-b/b,) € (0, =) and the values of
the constants b, and b, can be chosen arbitrarily.

Hence, if the ratio (-b,/b,) is specified, then, from (3.2) and (3.3) we obtain the completely defined
values Cg = By < 0 and Cg = 0y = —f§p > 0 and thereby uniquely distinguish the pair of ICs ¥y and
¥,. The family of solutions of boundary-value problem (1.6), for which the ratio (-b,/b,) has one and
the same value, corresponds to this pair in the class of doubly continuously differentiable functions.
Knowing b, and b,, we determine ¢, and cy (at C, > 0 from (3.1)) and obtain the unique solution of
problem (1.6). When £ = 0, we have

‘gg \[— HBO: '\/_Cbao = (WI_CHB)

Consequently, boundary-value problem (1.6) can be replaced by the Cauchy problem for Eq. (1.6)
with the initial conditions

f(O)=ch(c, #0), -Z%(O) =2¢,0,, o, €[0,a’)

After it has been solved, the solution of boundary-value problem (1.2)—(1.5) is determined as the
function which is the inverse of

[+ ]
_7 &
T (3:5)

Its asymptotic behaviour as | { | — e has the form

1
1 m-1 d§

mblm ng

<b=b1(§+l§")m+..., § > +oo; l‘”-—‘j) f(§)

O=b @ RN L dE
oL e Lo = | T
m(~by)™ (-§) ™

The behaviour of the derivatives of the solutxon of (3.5) is determmed using formulae (1.9). When

= 1, we have d®/d{ > 0 and also d’®/d{% > 0 if ¢, > 0 and d°®/d(? < Oif ¢, < 0.

Without the additional condition d®/d{, > 0, the solution of boundary-value problem (1.2)(1.5) ceases
to be unique whenm > 1.

This research was carried out with the financial support from the Russian Foundation for Basic
Research (93-013-17363).

REFERENCES

. LESSEN M., On the stability of the laminar boundary layer between parallel streams. NACA Tech. Note. 1929, 31, 1949,

DANIELS P. G., Viscous mixing at a trailing edge. Q. J. Mech. Appl. Math. 30, 3, 319-342, 1977.

. DIYESPEROVY V. N,, The existence and uniqueness of self-similar solutions describing the flow in mixing layers. Dokl. Akad.

Nauk SSSR 275, 6, 1341-1346, 1984.

. DIYESPEROV V. N., The Behaviour of the Self-similar Solutions of a Boundary-layer Equation with a Zero Pressure Gradient.

Vychisl. Tsentr Akad. Nauk SSSR, Moscow, 1989.

5. DIYESPEROV V. N,, Investigation of self-similar solutions describing flows in mixing layers. Prikl. Mat. Mekh. 50, 3, 403-414,
1986.

6. LOCK R. C,, The velocity distribution in the laminar boundary layer between parallel streams. Q. J. Mech. Appl. Math. 4, 1,
42-57, 1951.

7. SCHLICHTING H., Boundary Layer Theory. McGraw-Hill, New York, 1960.

o W=



998 V. N. Diyesperov

. BATCHELOR G. K, An Introduction to Fluid Dynamics. Cambridge University Press, Cambridge, 1980.
. ROSENHEAD 1. (Ed.), Laminar Boundary Layer. Clarendon Press, Oxford, 1963.
. NEILAND V. Ya., The theory of the separation of a laminar boundary layer in a supersonic flow. Izv. Akad. Nauk SSSR,

MZhG 4, 53-57, 1969.

. SYCHEV V. V, RUBANI, A. 1., SYCHEV Vik. V. and KOROLEV G. L., Asymptotic Theory of Separated Flows. Nauka,

Moscow, 1987.

. STEWARTSON K. and WILLIAMS P. G., Self-induced separation. Proc. Roy. Soc. Ser. A 312, 181-206, 1509.
. BENDIXON 1. O., Sur les courbes definies par des equations differentielles. Acta Math. 24, 88, 1900.
. KHAIMOV N. Ye., Investigation of an equation, the right-hand side of which contains linear terms. Uch. Zap. Fiz.-Mat.

Fakulteta Dushanbinskogo Ped. Inst. 2, 3-31, 1952,

. LEFSCHETZ S., Differential Equations: Geometric Theory. Interscience, New York, 1963.

. SANSONE G. and CONTI R., Non-linear differential equations. Pergamon Press, London, 1964.

. NEMYTSKII V. V. and STEPANOV V. V,, Qualitative Theory of Differential Equations. Gostekhizdat, Moscow, 1949,

. TRICOMI E. J., Equazioni Differenziali. Turin, 1953.

. YERUGIN N. P, Textbook for the General Course on Differential Equations. Nauka i Tekhnika, Minsk, 1979.

. CHAPMAN D. R., Laminar mixing of a compressible fluid NACA Report, 1800, 19, 1949.

. DIYESPEROV V. N,, On the flow in a Chapman mixing layer. Dokl. Akad. Nauk SSSR 284, 2, 305-309, 1985.

. DIYESPEROV V. N,, Some solutions of Karman’s equation describing transonic flow around a cornerpoint of a profile with

a curvilinear generatrix. Prikl. Mat. Mekh. 58, 6, 68-77, 1994.
Translated by E.L.S.



